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The transport of fermions through nanocircuits plays a major role in mesoscopic physics. Explor-
ing the analogy with classical wave scattering, basic notions of nanoscale transport can be explained
in a simple way, even at the level of undergraduate Solid State Physics courses, and more so if these
explanations are supported by numerical simulations of these nanocircuits. This paper presents a
simple tight-binding method for the study of the conductance of quantum nanorings connected to
one-dimensional leads. We show how to address the effects of applied magnetic and electric fields
and illustrate concepts such as Aharonov-Bohm conductance oscillations, resonant tunneling and
destructive interference.
INTRODUCTION
Constructing circuits using nanoscale components such
as single electron transistors, single molecule devices,
nanowires etc, seems to be the most plausible way of
extending Moore’s Law for a few more years. Elec-
tron transport in these circuits must be addressed in the
quantum mechanical framework and surprising features
(strongly contrasting with those of bulk electronic trans-
port) are known to occur, e.g. Coulomb blockade [1],
conductance quantization [2] and resonant tunneling [3].
Much of the underlying physics behind these phenomena
can be explained in a simple way, at least qualitatively,
by analogy with classical wave scattering and it is reason-
able to expect a growing attention to these basic notions
of nanoscale transport in the curricula of undergraduate
Solid State Physics courses.
One of the simplest and most interesting nanocircuits
is the open ring, for its simplicity and non-local quan-
tum effects. Particle waves incident in the ring travel by
both arms of the ring and interfere constructively or de-
structively on their way out, depending on the magnetic
flux encircled by the quantum ring and on the position of
the contacts. This leads to the so-called Aharonov-Bohm
oscillations in the conductance [4, 5]. In this paper we
present a simple method for the numerical calculation of
the conductance through tight-binding clusters and ap-
ply it to the particular case of quantum rings taking into
account the dependence on applied magnetic and elec-
tric fields. In particular, we discuss the Aharonov-Bohm
conductance oscillations. The leads are assumed to be
one-dimensional for simplicity. We avoid defining quan-
tities such as Green’s functions or self-energies and the
problem of determining the conductance is reduced to
that of finding the solution of a system of N + 2 linear
equations (where N is the number of sites of the ring),
so that this computational study can be carried out by
an undergraduate student, after taking an introductory
course in quantum mechanics.
The remaining part of this paper is organized in the
following way. In Sec. , we describe the Hamiltonian for
the system of the cluster and leads. In Sec. , we show
how to reduce the determination of the conductance to
that of finding the solution of a linear system of N + 2
equations. In Sec. , we present the results for the con-
ductance through tight-binding rings in the presence of
magnetic flux and electric fields. Finally in Sec. we draw
the conclusions of this work.
SYSTEM
Our system is composed by a tight-binding cluster with
N sites connected to 2 semi-infinite 1D leads modelled as
1D tight-binding semi-chains [6]. The system Hamilto-
nian is the sum of the leads and cluster Hamiltonians,
H0, and the coupling between each lead and the cluster,
VLR,
H = H0 + VLR, (1)
with
H0 = −
0∑
j=−∞
(|j − 1〉〈j|+ H.c.)︸ ︷︷ ︸
left lead
−
∞∑
j=N+1
(|j〉〈j + 1|+ H.c.)︸ ︷︷ ︸
right lead
+ HS︸︷︷︸
cluster
(2)
where Hs is the single-particle Hamiltonian in the scat-
tering region (the cluster) and |j〉 is the Wannier state
localized on the atomic site j (see Ref. [6] for an introduc-
tion to tight-binding models using the Wannier function
basis). The leads connected to the cluster are consid-
ered ideal with nearest-neighbour hopping t = 1. The
coupling VLR between the leads and the cluster is given
by
VLR = −tL|0〉〈L| − tR|R〉〈N + 1|+ H.c., (3)
where the hopping matrix elements tL and tR connect
the left and right leads, respectively, to the cluster sites
L and R. The Hamiltonian of the cluster is
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FIG. 1: Schematic representation of the studied systems. In
(a) and (c) one has the left and right semi-infinite 1D leads,
respectively. These leads are considered to be perfect conduc-
tors. In (b), we show the cluster described by a tight-binding
model. The hopping factors which couple the left and right
leads to the cluster are, respectively, tL and tR.
HS =
∑
j
j |j〉〈j| −
∑
ij,i 6=j
(
tije
iφij |i〉〈j|+ H.c.) (4)
where the indices i and j run over all cluster sites. For a
general gauge and an arbitrary geometry of the cluster,
the phase shifts φij in the hopping factors between sites
ri = a and rj = b are determined from φij = − e~
∫ b
a
A.dr
where the integral is a standard line integral of the vector
potential A along the line segment which links the sites
a and b.
In this paper, we exemplify the application of the nu-
merical method by using the particular case of the con-
ductance through a tight-binding ring threaded by a mag-
netic flux. This is a well studied case and the reader
should see for example Refs. [7–9] for in-depth analyses
of the tight-binding ring conductance. The tight-binding
Hamiltonian of a ring of N sites enclosing an external
magnetic flux can be expressed as
HS =
N∑
j=1
j |j〉〈j|−
N∑
j=1
t
(
eiφ
′/N |j〉〈j + 1|+ e−iφ′/N |j + 1〉〈j|
)
(5)
where φ′ = 2piΦ/Φ0 is the reduced flux, j is the on-
site energy, t is the hopping integral between two nearest
neighbour sites, and Φ0 = h/e is the flux quantum [6]. A
particular gauge was chosen such that the Peierls phases
are all the same and, assuming that the on-site energies
j are site independent, the tight-binding Hamiltonian
becomes translationally invariant and therefore its eigen-
functions are given by
|k〉 = 1√
N
N∑
j=1
eikj |j〉 (6)
where {|k〉} is the momentum basis, N is the number of
atoms in the ring, k is the particle momentum and {|j〉} is
the position basis of the atoms. The periodic boundary
condition leads to the momentum’s quantization, k =
2pim/N, m = 0, 1, 2, N − 1, and the eigenvalues of the
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FIG. 2: (a) Schematic diagram of a perfect ring with N
sites, where the sites are numbered in an anti-clockwise way,
threaded by magnetic flux φ. (b) Energy spectra of the ring
with 12 sites with and without magnetic flux. The flux shifts
the energy dispersion curve.
Hamiltonian are given by
E(k) = −2t cos
(
k − φ
′
N
)
. (7)
where we consider the on-site energies to be equal to zero.
The flux shifts the energy dispersion curve, as shown in
Fig. 2.
QUANTUM SCATTERING, TRANSMITTANCE
AND CONDUCTANCE
In this section, we explain how to obtain the conduc-
tance expression for a tight-binding cluster connected
to two semi-infinite (modelled as tight-binding chains)
leads. Our approach requires only the understanding of
the tight-binding model which is usually introduced in
an undergraduate Solid State course (see Refs. [6, 10]
for a discussion of tight-binding models). We avoid
therefore the use of Green’s functions which are present
in more advanced conductance calculations such as the
Meir-Wingreen formulation [11] (which is based on the
non-equilibrium Green’s functions method and takes into
account electronic interactions in the cluster) or the tra-
ditional quantum scattering approach [12, 13], (which is
a one-particle description of scattering events due to po-
tential barriers). Our approach is further simplified by
3the fact that the particles are confined to 1D leads, and
consequently no angle dependence is present in the con-
ductance expressions.
In nanoscale devices the wavelike nature of the elec-
tron must be taken into account. In this case the quan-
tum scattering description of the transmission of a 1D
particle across a structural or potential barrier is closely
analogous to the Fresnel description of a plane light wave
incident in a interface between two dielectric media. The
wavefunction of a particle with momentum k and en-
ergy k is written as an incident wave plus reflected and
transmitted waves with amplitudes r(k) and t(k) re-
spectively, relatively to the incident wave. The transmis-
sion probability for this incident wave is |t(k)|2. The lin-
ear conductance G(T ) of non-interacting fermions is de-
termined using the Landauer formula [14], which relates
the transmission probability |t()|2 with the linear con-
ductance G(T ) of the non-interacting fermions at tem-
perature T . This formula is explained in the following
way. A single state with a momentum k (and an energy
k = −2 cos k of the band of a 1D lead) carries a cur-
rent evk/L where vk is the 1D velocity of the electron,
~vk = ∂k/∂k and L is the length of the lead. The con-
tribution to the current of the positive velocity states in
an interval ∆k is therefore I∆k = e/(~L)
∑
k∆k dk/dk.
Assuming L very large, so that the k values are effec-
tively continuous, the summation over k can be replaced
by an integral
∑
k → (L/2pi)
∫
dk and converted into
an integral over energy
∫
dk =
∫
(dk/dk)dk. In the fi-
nal expression for the current, the two derivatives cancel
each other and one has I∆ = (e/h)∆ where ∆ is the
energy interval corresponding to ∆k. This result states
that independently of the form of the 1D band, all energy
intervals with the same width within the bandwidth con-
tribute equally to the current. In the case of the 1D tight-
binding chain, one has that the velocity of the electrons
goes to zero as the energy approaches the top or the bot-
tom of the band and therefore the contribution of an indi-
vidual state to the current goes also to zero. This is how-
ever compensated by the fact that the density of states
is inversely proportional to the velocity and therefore di-
verges as the energy approaches the top or the bottom
of the band, compensating the smaller individual contri-
bution of each state. The same reasoning is followed for
negative velocity states which generate a current in the
opposite direction. A finite bias implies that the chemical
potential for electrons with positive or negative velocities
is different (they originate from opposite ends of the sys-
tem), µ1 and µ2 respectively, and the zero temperature
net current is given by I = (e/h)(µ1 − µ2). The respec-
tive conductance is G = I/V = I/[(µ1 − µ2)/e] = e2/h.
At finite temperature the bands are populated accord-
ing to the Fermi-Dirac distribution f(, µ) = [exp[( −
µ)/kBT ] + 1]
−1 = f0( − µ) and the current becomes
I = (e/h)
∫∞
−∞[f0(−µ1)−f0(−µ2)). The final ingredi-
ent is the introduction of an obstacle (a structural or po-
tential barrier) in the path of the 1D electrons. An elec-
tron with energy  is transmitted through the barrier with
probability |t()|2 as explained above and the current be-
comes I = (e/h)
∫∞
−∞ |t()|2[f0(−µ1)−f0(−µ2)). Since
µ1 − µ2 = eV , the differential conductance G = dI/dV
for spinless fermions on the lattice is given by
G(T ) =
e2
h
2∫
−2
(
−df
d
)
|t()|2d, (8)
where f = f(, µ) is the Fermi-Dirac distribution [14].
For zero temperature, G(0) = e
2
h |t(µ)|2. The energy in-
terval of integration corresponds to the energies of the
one-particle eigenstates of the 1D tight-binding leads
with hopping integral t = 1, since for time much earlier or
later than when the incident wave packet is in the neigh-
bourhood of the cluster, the particle can be described as
a 1D tight-binding particle. That is, the energy spectra
(and also its density of states) for extended states in the
system of coupled leads and cluster remains the same as
for the leads without coupling to the cluster.
The hoppings tL and tR generate finite transmission
probability across the cluster. Since no two-particle in-
teractions are considered in this paper, the transmission
probability |t(k)|2 for an incident particle with momen-
tum k and energy k = −2 cos(k) can be calculated
solving directly the respective eigenvector equation for
the tight-binding Hamiltonian, Hˆ|Ψk〉 = k|Ψk〉. This
method is similar to that followed in the determination
of the band structure of a tight-binding model, which
is usually taught in a undergraduate Solid State course.
Since |Ψk〉 =
∑∞
n=∞ ψn|n〉 where ψn is the eigenfunc-
tion amplitude at site n, the eigenvector equation can be
written as a matrix equation [H](ψ) = k(ψ), where (ψ)
is the column vector of the eigenfunction amplitudes ψn
and [H] is the matrix representation of the Hamiltonian
in the Wannier function basis {|n〉}. This matrix equa-
tion is equivalent to an infinite system of linear equations
(the number of equations is equal to the number of sites
which is infinite in our system) of the form
kψn =
∞∑
m=−∞
Hnmψm (9)
where Hnm = 〈n|Hˆ|m〉. The matrix element Hnm is
zero except if the site m is a nearest-neighbor of site n.
One should now recall that our system is constituted by
the left lead, the cluster and the right lead. If tL =
tR = 0, the system of equations decouples into three
independent sets of equations and the particle can be
restricted to one of the three regions. For instance, the
eigenvectors and eigenvalues when the particle is confined
to the cluster are obtained from [HS ](ψS) = (ψS) where
(ψS) is the column vector of the eigenfunction amplitudes
at the cluster sites and the corresponding equations in the
4case of the tight-binding ring are of the form
ψj = jψj − teiφ′/Nψj+1 − te−iφ′/Nψj−1 (10)
where j = 1, · · · , N and with periodic boundary condi-
tions, ψN+1 = ψ1.
Let us now assume finite tL and tR. Since we are inter-
ested in the transmission probability of a right-moving
particle, we can limit our study to states with energy
k = −2 cos(k) which can be written as an incident wave
plus the respective reflected wave on the left lead and a
transmitted wave on the right lead. This implies that the
equations for the wavefunction amplitude at any site j of
the leads (with j < 0 or j > N + 1),
kψj = −ψj+1 − ψj−1, (11)
are automatically satisfied if the wavefunction in the
leads is of the form
ψj = e
ikj + ψre
−ikj , j ≤ 0, (12)
ψj = ψte
ikj , j ≥ N + 1, (13)
where ψr and ψt are the amplitudes of the reflected and
transmitted waves, respectively. So these equations can
be dropped from the the global system of equations. We
are left with the equations for the amplitudes at sites 0
and N + 1 which involve the hopping constants tL and
tR and depend on the amplitudes ψL and ψR at the sites
L and R of the ring,
kψ0 = −tLψL − ψ−1, (14)
kψN+1 = −ψN+2 − tRψR. (15)
The amplitude equations for the cluster sites remain the
same when tL and tR are finite, that is, [HS ](ψS) =
k(ψS), except for the equations corresponding to sites
L and R which have an additional term −tLψ0 and
−tRψN+1 and are given by
kψL = −tLψ0 + LψL − teiφ′/NψL+1 − te−iφ′/NψL−1,(16)
kψR = −tRψN+1 + RψR − teiφ′/NψR+1 − te−iφ′/NψR−1.(17)
The solution of this set of N + 2 equations (that is,
Eqs. 10, 14, 15, 16, and 17) allows us to determine ψt
and ψr. Note that ψ0, ψ−1, ψN+1 and ψN+2 are given by
Eqs. 12 and 13 and are functions of ψr and ψt, therefore
we have N + 2 variables. The transmission probability is
then given by the square of the absolute value of the ratio
between the amplitude of the outgoing wave ψt and the
amplitude of the incident wave (which we have assumed
to be 1). One can easily code an algorithm (using for
example computational software such as Mathematica or
Matlab) that allows to: (i) define the external parameters
(magnetic field, electric field, temperature and chemical
potential); (ii) solve the linear system of equations; (iii)
calculate the transmission probability and the conduc-
tance, given as input the value of the chemical potential,
the cluster contact sites L and R and the characteristics
of the cluster: (a) a list of coordinates ri = (xi, yi, zi)
of the lattice sites i = 1, · · · , N of the cluster; (b) a list
of on-site energies {i}; (c) a list of hoppings constants
{tij}; (d) values of the hopping constants tL and tR. Note
that the {i} and {tij} lists may include the effect of an
external electric field or the presence of magnetic flux.
RESULTS
We have applied the method described in the previous
section to the determination of the differential conduc-
tance of an open tight-binding ring under electric field
and threaded by magnetic flux. We also look into the
effect of reducing one of the hoppings integrals in the
ring, effectively changing the boundary conditions from
periodic to open. We also consider the influence of the
radial electric field created by a charged impurity in the
neighbourhood of the ring and the results obtained lead
us to suggest that the conductance through clusters may
be used as a new tool for microscopy, that is, its sensi-
tivity to local electric fields can, in principle, be used to
obtain images in a similar way as a scanning tunnelling
microscope.
In order to better understand the results for the con-
ductance, the energy spectra of the isolated ring is de-
termined. In the center plot of Fig. 3d, we show the
energy spectra of a ring with 8 sites as a function of the
magnetic flux with i = 0 and nearest neighbor hopping
t = 1, see Fig. 3b. This energy spectra follows exactly
the behavior described by Eq. 7. The left plot display
the same spectra when a planar uniform electric field is
present, eEy = 0.5, see Fig. 3a. This planar electric field
shifts the on-site energy of every site, j → j + e~rj · ~E.
The right plot corresponds to the change of boundary
conditions from periodic to open, see Fig. 3c. In the left
and center plots, the Aharonov-Bohm oscillations of the
ground state energy are observed while in the right plot
they are absent. The application of the electric field leads
to two changes in the energy spectra: (i) The perturba-
tion caused by the electric field has a first order effect
for degenerated states and a second order effect for non-
degenerate levels. This means that a perturbation pro-
duces a ”repulsion” between levels that is stronger the
closer the levels are. (ii) The influence of the magnetic
field decreases as the electric field intensity increase. For
high enough values of electric field the energy oscillations
due to the magnetic flux are no longer present and the
energy dependence on flux becomes flat, reflecting the
localization of the particles due to the large differences
between on-site energies.
The respective plots of the conductance, evaluated at
two values of chemical potential, µ = 0.01 and 1 (which
are indicated by red and blue dashed lines in the top
plots) are shown in the bottom plots of Fig. 3d. In the
5center plot, the Aharonov-Bohm effect in the conduc-
tance with a periodicity of one quantum flux is observed
as well as zero conductance for Φ/Φ0 = n + 1/2, with
integer n (reflecting the destructive interference of the
plane waves travelling through the two branches of the
ring). The Aharonov-Bohm effect disappears in the bro-
ken ring. The conductance has peaks when the chemical
potential has the same value as any of the system eigen-
values. This is called resonant tunnelling and for weak
coupling to the leads, these peaks have the Breit-Wigner
shape [3, 15]. Note that the conductance profiles are very
sensitive to changes in the chemical potential.
Now, we discuss the influence of non-uniform local elec-
tric fields in the conductance through the ring. In the fol-
lowing, we consider a radial electric field generated by a
charged impurity in the proximity of the ring, according
to the Coulomb’s law, but other forms of local electric
fields should lead to similar results. We neglect the pos-
sibility of particle hoppings between the cluster and the
impurity, as well as the effect of the electric field in the
leads. As in the case of the uniform electric field, this
field changes the on-site energy, which is now given by
j → j + C|~rj−~e| , where C is a constant. The impurity is
kept at a fixed distance z of the ring plane (this distance
acts as a cutoff to the Coulomb potential) and its posi-
tion is swept in the x and y direction, the conductance
being calculated for each impurity position. The respec-
tive contour plots are shown in Fig. 4, for the three cases
described by Figs. 3a, 3b, and 3c, namely, Figs. 4a, 4b
and 4c in the case of the perfect ring, Figs. 4d, 4e and 4f
in the case of the ring with an applied electric field and
Figs. 4g, 4h and 4i in the case of the broken ring. In gen-
eral, we observe in these contour plots, peaks or dips in
the conductance when the impurity (x, y) position coin-
cides with a site of the ring. In the case of Figs. 4a, 4b and
4c (perfect ring), depending on the value of the chemical
potential, peaks or dips appear with a symmetric con-
figuration, which reflects two factors: (i) the probability
density of the eigenstates of the ring Hamiltonian and in
particular of the eigenstate with energy nearest to the
chemical potential; (ii) the influence of the leads which
effectively changes the on-site energy of the two contact
sites of the ring. Qualitatively, one may say that the
leads lift the degeneracy of the energy spectra of the ring
and since this effect is local, the standing waves in the
ring with the same momentum acquire different energies
(the difference is small for weak coupling to the leads).
Therefore, one can infer from the conductance contour
plots in the case of the symmetric ring, the probability
density of these standing waves.
When an electric field is applied, the eigenstates of
the ring have less symmetric probability density profiles,
with more probability density being accumulated in the
ring in the direction of the electric field or in the op-
posite direction, depending on the energy of the eigen-
state. This is reflected by the conductance contour plots
of Figs. 4d, 4e and 4f, where the lowering of symmetry is
observed. Note that for fixed chemical potential, varying
the electric field, the energy of the eigenstates of the ring
is increased and several crossings of the eigenvalues of the
ring with chemical potential occur as shown in Fig. 3d, so
that in the conductance contour plots, probability den-
sity distributions corresponding to different eigenstates
of the ring are observed. Breaking a hopping link in
the tight-binding ring has even a stronger effect in the
eigenstates probability densities of the ring. In Figs. 4g,
4h and 4i, the absence of symmetry is clearly observed.
Again, adjusting the chemical potential, the conductance
of the broken ring become more sensitive to local electric
fields in different regions of the xy plane.
The sensitivity to local electric fields as well as the
possibility of probing different points of space adjusting
the chemical potential, lead us to suggest that the con-
ductance through clusters may be used as a new tool for
microscopy, that is, it can, in principle, be used to obtain
images in a similar way as a scanning tunnelling micro-
scope. Note that small changes in the vertical position
of the impurity do not change significantly the conduc-
tance shape. The farther the impurity is from the cluster
plane, the less it couples to the cluster and the smoother
the conductance plot gets.
CONCLUSION
In this paper, we showed how to determine numerically
the effects of applied magnetic and electric fields on the
conductance of tight-binding quantum clusters connected
to one-dimensional leads, using a simple tight-binding
method which could be programmed by an undergradu-
ate student attending a Solid State course or a final year
project. Important phenomena of the transport through
nanorings such as Aharonov-Bohm conductance oscilla-
tions, resonant tunnelling or destructive interference are
observed as magnetic field, chemical potential or other
parameters are varied. We explored in particular the ef-
fect of a charged impurity on the conductance through
the ring. We observed that the conductance has a strong
sensitivity to the local electric field and suggested that it
can, in principle, be used to obtain images in a similar
way as the scanning tunnelling microscope.
AAL was supported by Fundac¸a˜o para a Cieˆncia e a
Tecnologia (Portugal), co-financed by FSE/POPH, un-
der grant SFRH/BD/68867/2010 and of the Excellence
Initiative of the German Federal and State Governments
(grant ZUK 43)
6[1] C.J Gorter. A possible explanation of the increase of the
electrical resistance of thin metal films at low tempera-
tures and small field strengths. Physica, 17(8):777 – 780,
1951.
[2] B. J. van Wees, H. van Houten, C. W. J. Beenakker, J. G.
Williamson, L. P. Kouwenhoven, D. van der Marel, and
C. T. Foxon. Quantized conductance of point contacts in
a two-dimensional electron gas. Phys. Rev. Lett., 60:848–
850, Feb 1988.
[3] A. Douglas Stone and P. A. Lee. Effect of inelastic pro-
cesses on resonant tunneling in one dimension. Phys. Rev.
Lett., 54:1196–1199, Mar 1985.
[4] Y. Aharonov and D. Bohm. Significance of electromag-
netic potentials in the quantum theory. Phys. Rev.,
115:485–491, Aug 1959.
[5] R. A. Webb, S. Washburn, C. P. Umbach, and R. B.
Laibowitz. Observation of h
e
aharonov-bohm oscillations
in normal-metal rings. Phys. Rev. Lett., 54:2696–2699,
Jun 1985.
[6] Michael P. Marder. Condensed matter physics. Wiley,
2010.
[7] Jingbo Li, Zhao-Qing Zhang, and Youyan Liu. Resonant
transport properties of tight-binding mesoscopic rings.
Phys. Rev. B, 55:5337–5343, Feb 1997.
[8] D. Kowal, U. Sivan, O. Entin-Wohlman, and Y. Imry.
Transmission through multiply-connected wire systems.
Phys. Rev. B, 42:9009–9018, Nov 1990.
[9] P. A. Orellana, M. L. Ladro´n de Guevara, M. Pacheco,
and A. Latge´. Conductance and persistent current of a
quantum ring coupled to a quantum wire under external
fields. Phys. Rev. B, 68:195321, Nov 2003.
[10] Supriyo Datta. Quantum Transport: Atom to Transistor.
Cambridge University Press, 2nd edition, July 2005.
[11] Yigal Meir and Ned S. Wingreen. Landauer formula for
the current through an interacting electron region. Phys.
Rev. Lett., 68:2512–2515, Apr 1992.
[12] J. R. Taylor. Scattering Theory: The Quantum Theory
on Nonrelativistic Collisions. Wiley, New York, 1972.
[13] T. Enss, V. Meden, S. Andergassen, X. Barnabe´-
The´riault, W. Metzner, and K. Scho¨nhammer. Impurity
and correlation effects on transport in one-dimensional
quantum wires. Phys. Rev. B, 71:155401, Apr 2005.
[14] Rolf Landauer. Electrical resistance of disordered one-
dimensional lattices. Philos. Mag., 21(172):863–867,
1970.
[15] G. Breit and E. Wigner. Capture of slow neutrons. Phys.
Rev., 49:519–531, Apr 1936.
7E
(a) (b)
t1
(c)
4
3
2
1
0
1
2
Ε i
4 2
00.0
0.2
0.4
0.6
0.8
1.0
1.2
G
0.5 0.0
eE
2 2
0 1 0t1 2 40
Μ1
Μ0.01
(d)
FIG. 3: Schematic representation of a ring with 8 sites: (a) in the presence of an in-plane uniform electric field (eEy = 0.5);
(b) in the absence of an electric field and (c) with one of the hopping integrals, t1, equal to zero. The contact sites to the leads
are indicated in red. (d) Respective plots of the energy levels and conductance as functions of the normalized magnetic flux
Φ/Φ0. The conductance is evaluated for two values of chemical potential, µ = 0.01 and 1. Red and blue dashed lines indicate
these values of energy in the top plots. In the center plot, the Aharonov-Bohm effect in the conductance with a half quantum
flux periodicity is observed as well as zero conductance for Φ/Φ0 = n+ 1/2 (reflecting the destructive interference of the plane
waves travelling through the two branches of the ring). The Aharonov-Bohm effect disappears in the broken ring, as expected.
8(a) µ = −0.34, Ey = 0 (b) µ = 0.60, Ey = 0 (c) µ = −0.76, Ey = 0
(d) µ = 1, Ey = 0.46 (e) µ = 1, Ey = 0.76 (f) µ = 1, Ey = 1
(g) µ = 0.30, t1 = 0 (h) µ = −0.40, t1 = 0 (i) µ = −1, t1 = 0
FIG. 4: Conductance contour plots of a ring with 8 sites as a function of the position (x, y, z) of the charged impurity (where
z = 0.15) for several values of the chemical potential µ: (a), (b) and (c) in the case of the perfect ring; (d), (e) and (f) in the
case of applied electric field and (g) (h) and (i) in the case of the broken ring. The color bars indicate the plot range in the
contour plots in units of e
2
h
and white regions reflect high conductance values above the upper limit of the plot range.
